In an elastic medium, it was proved that the stiffness tensor is symmetric with respect to the exchange of the first pair of indices and the second pair of indices, but the proof does not apply to a viscoelastic medium. In order to indicate which phenomena could be observed in the wave field if the stiffness matrix were nonsymmetric, we propose the frequency-domain ray series for viscoelastic waves with a non-symmetric stiffness tensor in this paper.
INTRODUCTION
The 3×3×3×3 complex-valued frequency-domain stiffness tensor (elastic tensor, tensor of elastic moduli) c ijkl = c ijkl (x m , ω), projecting the strain tensor onto the stress tensor, depends on spatial coordinates x m and circular frequency ω. It is symmetric with respect to the first pair of indices
and with respect to the second pair of indices
It is thus frequently expressed in the form of the 6×6 stiffness matrix whose lines correspond to the first pair of indices and columns to the second pair of indices according to the Voigt notation.
In an elastic medium, it was proved that the stiffness tensor is symmetric with respect to the exchange of the first pair of indices and the second pair of indices,
The 6×6 stiffness matrix is thus symmetric in an elastic medium. The ray theory for a 3-D smoothly heterogeneous anisotropic elastic medium with a symmetric L. Klimeš stiffness matrix is well developed (Babich, 1961 ; Červený, 1972 ; 2001 ; Chapman, 2004 ; Červený et al., 2007 ) . However, the above mentioned proof does not apply to a viscoelastic medium, and we do not know whether symmetry (3) holds in a viscoelastic medium. It is then reasonable to indicate which phenomena could be observed in the wave field if the stiffness matrix were non-symmetric. Analogously to Thomson (1997) , we thus do not assume symmetry (3) in this paper, and propose the frequency-domain ray series for viscoelastic waves with a non-symmetric stiffness matrix,
The lower-case Roman indices take values 1, 2 and 3. The Einstein summation over repetitive lower-case Roman indices is used throughout the paper.
STANDARD RAY SERIES
In the frequency domain, the viscoelastodynamic equation for complex-valued
where lower-case Roman subscript ,k following a comma denotes the partial derivative with respect to the corresponding spatial coordinate
is the density and ω is the circular frequency.
We express the displacement in terms of its complex-valued vectorial amplitude U i = U i (x m , ω) and complex-valued travel time τ = τ (x m ) as
We expand the frequency-dependent amplitude into high-frequency asymptotic series
where
i (x m , ω) is the n-th order vectorial amplitude. We insert displacement (6) into viscoelastodynamic equation (5) and obtain
where the differential operators are defined as
and
Here the Christoffel matrix, defined as
is a function of six phase-space coordinates x m , p u formed by three spatial coordinates x m and three slowness-vector components p u which represent the spatial gradient of travel time τ , p u = τ ,u . In definition (12),
is the density-reduced stiffness tensor. In order to obtain the standard ray series, we insert series (7) into viscoelastodynamic equation (8) and sort the terms according to the order of iω, analogously to Babich (1961 Babich ( ) orČervený (1972 2001, Sec. 5.7) . We then obtain the system of equations
for each order n = 0, 1, 2, .... Here U Note that the system of equations (14) does not follow necessarily from viscoelastodynamic equation (8). The above sorting according to the order of iω is our assumption leading to the standard ray series. If we wish to obtain another kind of ray series, e.g., the coupling ray series, we may choose a solution of viscoelastodynamic equation (8) different from the system of equations (14), see Klimeš (2013) .
CHRISTOFFEL EQUATION AND EIKONAL EQUATION
Equation (14) for n = 0 constitutes the matrix Christoffel equation
The three eigenvalues of Christoffel matrix (12) correspond to three waves: the P wave and two S waves. Unlike as in the elastic case, the Christoffel matrix is not symmetric. We select one of three eigenvalues of Christoffel matrix (12) and denote it as G = G(x m , τ ,u ). We denote the corresponding right-hand eigenvector of the Christoffel matrix as
and the corresponding left-hand eigenvector of the Christoffel matrix as
The three right-hand eigenvectors of the Christoffel matrix and the three left-hand eigenvectors of the Christoffel matrix are mutually biorthogonal. The lengths of the three right-hand eigenvectors of the Christoffel matrix are not determined, but we choose the lengths of the corresponding left-hand eigenvectors so that the three right-hand eigenvectors and the three left-hand eigenvectors are mutually biorthonormal,
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The zero-order vectorial amplitude then reads
where the zero-order ray-theory amplitude U [0] will be determined by the transport equation in Section 6.
Whereas the two S waves, which propagate with different velocities, are linearly polarized in elastic media, they may be elliptically or even circularly polarized in viscoelastic media. Whereas the two elliptically polarized S waves always display equal handedness for a symmetric stiffness matrix, they display opposite handedness for a sufficiently non-symmetric stiffness matrix.
In order to satisfy Christoffel equation (15), selected eigenvalue G must be unit,
Nonlinear first-order partial differential equation (20) for travel time τ is called the Hamilton-Jacobi equation. In wave propagation problems, it is also often referred to as the eikonal equation. The methods for solving the Hamilton-Jacobi equation are already mostly developed (Hamilton, 1837 ; Červený, 1972 ; Klimeš, 2002 ; 2010 ; 2016 ) . Hamilton-Jacobi equation (20) generates the equations of rays (Hamilton equations, equations of geodesics) and the related equations such as the Hamiltonian equations of geodesic deviation (dynamic ray tracing equations).
The equations of rays may be expressed in various forms, e.g., as
where parameter γ along rays coincides with the values of travel time τ . Refer to Section 4 for the case of complex-valued eigenvalue G = G(x m , p u ) and parameter γ. Hereinafter, ∂G ∂x i and ∂G ∂pi denote the partial derivatives of function G(x m , p u ) of six phase-space coordinates x m , p u . Using this notation, the partial derivatives of any function G x m , τ ,u (x a ) of three spatial coordinates read
Since
the first-order phase-space derivatives of eigenvalue G(x m , p u ) can be expressed as
Note that the phase-space derivatives of the left-hand and right-hand eigenvectors in the above derivatives (25)-(26) of relation (24) vanish because of definitions (16)- (17) and normalization condition (18). We insert definition (12) into phase-space derivatives (25)- (26), and obtain expressions
Note that
is the ray-velocity vector, which is sometimes also referred to as the group-velocity vector, e.g., byČervený (2001).
COMPLEX-VALUED AND REAL-VALUED RAYS
The above relations (20)- (29) are applicable both to real-valued travel time τ and complex-valued travel time τ . The methods for their solution are obvious if eigenvalue G = G(x m , p u ) in Hamilton-Jacobi equation (20) is a real-valued function of real-valued slowness vector p u .
However, eigenvalue G = G(x m , p u ) in Hamilton-Jacobi equation (20) may be a complex-valued function and may generate complex-valued rays. Since we usually do not know the values of the frequency-domain stiffness tensor c ijkl = c ijkl (x m , ω) at imaginary coordinates x m , we can instead trace the reference real-valued rays which are close to the complex-valued rays defined by the equations (21)- (22) of rays, and to calculate travel time τ = τ (x m ) by means of the perturbation expansion by Klimeš and Klimeš (2011) along the reference real-valued rays. In this case, the slowness vector p u = τ ,u in definition (29) is also approximated by the perturbation expansion.
PRINCIPAL AND ADDITIONAL AMPLITUDE COMPONENTS
Analogously to the zero-order vectorial amplitude (19), we define the amplitude components with respect to the three right-hand eigenvectors of Christoffel matrix (12): eigenvector g i corresponding to the selected eigenvalue G and other two eigenvectors g ⊥ i corresponding to other two eigenvalues G ⊥ . We decompose each vectorial
in series (7) into the principal amplitude component U [n] and two additional amplitude components
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We multiply viscoelastodynamic equation (14) by left-hand eigenvector g ⊥ i of the Christoffel matrix, consider relation (31), and obtain expression
for the additional amplitude components in terms of lower-order amplitudes. Expression (32) differs from the analogous expression for the symmetric stiffness matrix (Červený, 2001, Eq. 5.7.13 ) just by left-hand eigenvectors g ⊥ i .
TRANSPORT EQUATION
We multiply viscoelastodynamic equation (14) by left-hand eigenvector g i of the Christoffel matrix, consider relation (31), and obtain transport equation
for the principal amplitude components. We separate the terms with higher-order principal amplitude components from the terms containing higher-order additional amplitude components and lower-order amplitude components,
Relations (33) and (34) differ from the analogous relations for the symmetric stiffness matrix (Červený, 2001, Eqs 5.7.19 and 5.7.20 ) just by left-hand eigenvector g i . We express the left-hand side of transport equation (34) as
where ray-velocity vector V j is given by definition (29), which can also be expressed as
The first two terms on the right-hand side of relation (35) are well known from the ray series with a symmetric stiffness matrix (Červený, 2001, Eq. 5.7.23 ). Quantity S in the rightmost term of transport equation (35) can be determined using definition (10) as
see (36). Considering (35), we express transport equation (34) as
The solution of transport equation (38) for n = 0 reads
where subscript 0 denotes the initial conditions. Squared geometrical spreading (Babich, 1961, Eq. 3.7 ; Červený, 2001, Eq. 3.10.9 ) represents the Jacobian of transformation from ray coordinates γ 1 , γ 2 , γ 3 to spatial coordinates x i . Here γ 1 and γ 2 are the ray parameters, and γ 3 = γ. Factor exp τ τ0 dγ S in (40) is present due to the skew part of the stiffness matrix, see the next section.
The solution of transport equation (38) for n> 0 reads (Červený, 2001, Eq. 5.7 .30 )
"NON-RECIPROCITY" DUE TO A NON-SYMMETRIC STIFFNESS MATRIX
The only difference of expressions (40) and (42) for the principal amplitudes from the analogous expressions derived for a symmetric stiffness matrix is exponential term exp τ τ0 dγ S in expression (40). We shall now derive various expressions for quantity S = S(x m ). We express definition (37) as
(43) After summation, we obtain expression
where a ikjl is the density-reduced stiffness tensor given by definition (13). The last term on the right-hand side differs from
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We differentiate the product in the rightmost term of expression (44) and obtain expression
(47) We differentiate characteristic equation (16) for the right-hand eigenvector with respect to spatial coordinates, consider the biorthonormality of the left-hand and right-hand eigenvectors, and obtain relation
for the spatial gradient of the right-hand eigenvector. The rightmost term in relation (48) accounts for the undefined changes of the length of the right-hand eigenvector g i . We differentiate characteristic equation (17) for the left-hand eigenvector with respect to spatial coordinates, and obtain analogous relation
for the spatial gradient of the left-hand eigenvector. The rightmost term in relation (49) accounts for the undefined changes of the length of the left-hand eigenvector g i , and satisfies identity
obtained by differentiating normalization condition (18). We insert the gradients (48) and (49) of the eigenvectors of the Christoffel matrix into expression (47), consider identity (50) and arrive at expression
where ray-velocity vector V j is given by definition (29). We now express the spatial derivatives Γ 
The partial derivatives of the Christoffel matrix (12) with respect to phase-space coordinates x m and p u read 
CONCLUSIONS
We have derived the anisotropic-ray-theory series for viscoelastic waves with a non-symmetric stiffness matrix. These ray series enable us to estimate which phenomena could be observed in the wave field if the stiffness matrix were nonsymmetric.
Whereas the two S waves, which propagate with different velocities, are linearly polarized in elastic media, they may be elliptically or even circularly polarized in viscoelastic media. Whereas the two elliptically polarized S waves always display equal handedness for a symmetric stiffness matrix, they display opposite handedness for a sufficiently non-symmetric stiffness matrix, similarly as electromagnetic waves in optically active media.
The ray-theory amplitudes corresponding to a non-symmetric stiffness matrix are not reciprocal in the same way as the ray-theory amplitudes corresponding to a symmetric stiffness matrix. This "non-reciprocity" is expressed in terms of quantity (55) in the expression (40) for the zero-order ray-theory amplitude. Refer to Klimeš (2017, Eq. 18) for the sense in which the ray-theory Green function corresponding to a non-symmetric stiffness matrix is reciprocal.
